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We propose a nanospaser made of an achiral plasmonic-metal nanodisk and a two-dimensional
chiral gain medium – a monolayer transition-metal dichalcogenide (TMDC). When one valley of
the TMDC is selectively pumped (e.g., by a circular-polarized radiation), the spaser generates a
mode carrying a topological charge (chirality) that matches that of the gain valley. The chirally-
mismatched, time-reversed mode has exactly the same frequency but the opposite topological charge;
it is actively suppressed by the gain saturation (population clamping) and never generates leading
to a strong topological protection for the generating matched mode. This topological spaser is
promising for the use in nanooptics and nanospectroscopy in the near-field especially in applications
to biomolecules that are typically chiral. Another potential application is a chiral nanolabel for
biomedical applications emitting in the far field an intense circularly-polarized coherent radiation.
I. INTRODUCTION
Spaser (surface plasmon amplificaiton by stimulated
emission of radiation) was originally introduced in 2003
[1] as a nanoscopic phenomenon and device: a genera-
tor and amplifier of coherent nanolocalized optical fields.
Since then, the science and technology of spasers expe-
rienced a rapid progress. Theoretical developments [2–6]
were followed by the first experimental observations of
the spaser [7, 8] and then by an avalanch of new devel-
opments, designs, and applications. Currently there are
spasers whose generation spans the entire optical spec-
trum, from the near-infrared to the near-ultraviolet [9–
17].
Several types of spasers, which are synonymously
called also nanolasers, have so far been well developed.
Historically, the first is a nanoshell spaser [7] that con-
tains a metal nanosphere as the plasmonic core that is
surrounded by a dielectric shell containing gain material,
typically dye molecules [7, 18]. Such spasers are small-
est coherent generators produced so far, with sizes in the
range of tens nanometers. Almost simultaneously, an-
other type of nanolasers was demonstrated [8] that was
built from a semiconductor gain nanorod situated over a
surface of a plasmonic metal. It has a micrometer-scale
size along the nanorod. Its modes are surface plasmon
polaritons (SPPs) with nanometer-scale transverse size.
Given that the spasers of this type are relatively efficient
sources of far-field light, they are traditionally called
nanolasers though an appropriate name would be polari-
tonic spasers. Later, this type of nanolasers (polaritonic
spasers) was widely developed and perfected [9, 14, 19–
22]. There are also spasers that are similar in design
to the polaritonic nanolasers but are true nanospasers
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whose dimensions are all on the nanoscale. Such a spaser
consists of a monocrystal nanorod of a semiconductor
gain material deposited atop of a monocrystal nanofilm
of a plasmonic metal [23]. These spasers possess very
low thresholds and are tunable in all visible spectrum by
changing the gain semiconductor composition while the
geometry remains fixed [13, 24, 25]. There are also other
types of demonstrated spasers. Among them we men-
tion semiconductor-metal nanolasers [26] and polaritonic
spasers with plasmonic cavities and quantum dot gain
media [27].
A fundamentally different type of quantum generators
is the lasing spaser [6, 28, 29]. A lasing spaser is a peri-
odic array of individual spasers that interact in the near
field and form a coherent collective mode. Such lasing
spasers have been built of plasmonic crystals that incor-
porate gain media. One type of the lasing spasers is a pe-
riodic array of holes in a plasmonic metal film deposited
on a semiconductor gain medium [12]; another type is
a periodic array of metal nanoparticles surrounded by a
dye molecules solution [30]. We have recently proposed
a topological lasing spaser that is built of a honeycomb
plasmonic crystal of silver nanoshells containing a gain
medium inside [31]. The generating modes of such a
spaser are chiral surface plsmons (SPs) with topological
charges of m = ±1, which topologically protects them
against mixing. Only one of the m = ±1 topologically-
charged modes can generate at a time selected by a spon-
taneous breaking of the time-reversal symmetry.
The spasers are not only of a significant fundamental
interest but also are promising for applications based on
their nanoscale-size modes and high local fields. Among
such demonstrated applications are those to sensing of
minute amounts of chemical and biological agents in the
environment [20, 21, 32]. Another class of the demon-
strated applications of the spasers is that in cancer thera-
nostics (therapeutics and diagnostics) [18]. An important
perspective application of spasers is on-chip communica-
tions in optoelectronic information processing [33].
It is of a great interest to explore intersections of
the spaser technology and topological physics. In our
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2FIG. 1: Schematic of the spaser geometry and operation.
(a) Geometry of the spaser: Silver nanospheroid on TMDC.
(b) Schematic of spaser operation. Pumping with a circular-
polarized light excites the valley whose chirality is matched to
the light helicity. The stimulated CB→CB transitions at the
corresponding K or K′ point excite SPs matched by chirality
to that of the valley; the other, mismatched valley couples
only weakly to these SPs.
recently proposed topological lasing spaser [31], the
topologically-charged eigenmodes stem from the Berry
curvature [34, 35] of the plasmonic Bloch bands of a hon-
eycomb plasmonic crystal of silver nanoshells. In con-
trast, the gain medium inside these nanoshells is com-
pletely achiral. This topological lasing spaser is predicted
to generate a pair of mutually time-reversed eigenmodes
carrying topological charges of ±1, which strongly com-
pete with each other, so only one of them can be gener-
ated at a time.
In this Article we propose a topological nanospaser
that also generates a pair of mutually time-reversed chi-
ral SP eigenmodes with topological charges of ±1, whose
fields are rotating in time in the opposite directions.
In a contrast to Ref. 31, this proposed spaser is truly
nanoscopic, with a radius ∼ 10 nm. The topological
charges (chiralities) of its eigenmodes originate from the
Berry curvature of the gain-medium Bloch bands. This
gain medium is a two-dimensional honeycomb nanocrys-
tal of a transition metal dichalcogenide (TMDC) [36–
38]. The plasmonic subsystem is an achiral nanodisk of a
plasmonic metal. Note that previously the TMDCs have
been used as the gain media of microlasers where the
cavities were formed by microdisk resonators [39, 40] or
a photonic crystal microcavity [41]. None of these lasers
generated a chiral, topologically charged mode.
II. SPASER STRUCTURE AND MAIN
EQUATIONS
The geometry and the fundamentals of functioning of
the proposed topological nanospaser is illustrated in Fig.
1. This spaser consists of a thin silver nano-spheroid
placed atop of the two-dimensional (2d) gain medium (a
nanodisk of a monolayer TMDC) – see Fig. 1(a). As
panel (b) illustrates, the gain medium is pumped with
circularly-polarized light, which is known to selectively
populate one of the K or K ′ valleys depending on its
helicity [42, 43]. Due to the axial symmetry, the plas-
monic eigenmodes, φ(r), depend on the azimuthal angle,
ϕ: φm(r) ∝ exp (imϕ), where m = const is the magnetic
quantum number. Figure 1(b) illustrates that the con-
duction band (CB) to valence band (VB) transitions in
the TMDC couple predominantly to the SPs whose chi-
rality matches that of the valley: the transitions in K- or
K ′-valley excite the m = 1 or m = −1 SPs, respectively.
The surface plasmon eigenmodes φn(r) are described
by the quasistatic equation [44]
∇Θ(r)∇φn(r) = sn∇2φn(r), (1)
where n is a set of the quantum numbers defining the
eigenmode, sn is the corresponding eigenvalue, which is
a real number between 0 and 1, and Θ(r) is the char-
acteristic function, which is equal to 1 inside the metal
and 0 outside. We assume that the metal nanoparticle
is a spheroid whose eigenmodes can be found in oblate
spheroidal coordinates [45] – see Supplemental Materials
(SM). They are characterized by two integer spheroidal
quantum numbers: multipolarity l = 1, 2, . . . and az-
imuthal or magnetic quantum number m = 0,±1, . . . .
We will consider a dipolar mode, l = 1 where m = 0,±1.
Note that the dipole transitions in the TMDC at the K-,
K ′-points are chiral, and they couple only to the modes
with m = ±1.
The Hamiltonian of the SPs is
HSP = ~ωsp
∑
m=±1
aˆ†maˆm, (2)
where ωsp is the SP frequency, and aˆ
†
m and aˆm are the
SP creation and annihilation operators (we indicate only
the magnetic quantum number m). The electric field
operator is [1, 3]
Fm(r, t) = −Asp∇φm(r)(aˆme−iωspt + aˆ†meiωspt), (3)
Asp =
√
4pi~ssp
ds′sp
, (4)
where s′sp = Re[ds(ω)/dω|ω=ωsp ]. The monolayer TMDC
is coupled to the field of the SPs via the dipole inter-
action. We choose the proper thickness of the silver
spheroid so that the SP energy ~ωsp is equal to the band
gap of the TMDC gain medium. The Hamiltonian of the
3TMDC near the K or K ′ point can be written as
HK =
∫
d2q
∑
α=v,c
Eα(K+ q)|α,K+ q〉〈α,K+ q|, (5)
where K = K or K ′, and v and c stand for the valence
band and the conduction band, correspondingly. We ex-
pand the Hamiltonian around the K and K ′ points as
HK ' νK
∑
α=c, v
Eα(K)|α,K〉〈α,K|, (6)
where νK is the density of electronic states in the K
valley, which we adopt from experimental data [39, 46]:
νK = νK′ = 7.0× 1012 cm−2.
The field of the SPs in nanoparticles is highly nonuni-
form in space, which gives rise to a spatial non-uniformity
of the electron population of the TMDC monolayer. To
treat this, we employ a semiclassical approach where the
state |α,K, r〉 represents a electron in the K valley at
position r. The corresponding Hamiltonian in the semi-
classical approximation can be written as
HK = νK
∑
α=c, v
Eα(K)
∫
d2r|α,K, r〉〈α,K, r| (7)
The interaction between the monolayer TMDC and the
SPs is described by an interaction Hamiltonian
Hint = −
∑
K=K,K′
νK
∫
d2r
∑
m=±1
Fm(r)dˆK(r) , (8)
where the dipole operator is given by
dˆK(r) = dKei∆gt|c,K, r〉〈v,K, r|+ h.c. , (9)
where ~∆g is the band gap (at the K- or K ′-point).
The transition dipole element, dK, is related to the
non-Abelian (interband) Berry connection A(cv)(k) as
dK = eA(cv)(k) ,
A(cv)(k) = i
〈
uc(k)
∣∣∣∣ ∂∂k
∣∣∣∣uv(k)〉∣∣∣∣
k=K
, (10)
where uα(k) are the normalized lattice-periodic Bloch
functions.
In this Article, we consider the dynamics of the sys-
tem semiclassically: we treat the SP annihilation and
creation operators as complex c-numbers, aˆm = am and
aˆ†m = a
∗
m, and describe the electron dynamics quantum
mechanically by density matrix ρˆK(r, t). Furthermore,
we assume that the SP field amplitude is not too large,
Ω˜m,K  ∆g, where the Rabi frequency is defined by
Ω˜m,K(r) = −1~Asp∇φm(r)d
∗
K . (11)
Then we can employ the rotating wave approximation
(RWA) [47, 48] where the density matrix can be written
as
ρˆK(r, t) =
(
ρ
(c)
K (r, t) ρK(r, t)e
iωt
ρ∗K(r, t)e
−iωt ρ(v)K (r, t)
)
. (12)
Following Ref. 3, the equations of motion of the SPs and
the monolayer TMDC electron density matrix are
a˙m = [i(ω − ωsp)− γsp]am+
iνK
∫
S
d2r
∑
K
ρ∗K(r)Ω˜
∗
m,K(r) , (13)
n˙K(r) =− 4
∑
m=1,−1
Im
[
ρK(r)Ω˜m,K(r)am
]
+
gK [1− nK(r)]− γ2K(r) [1 + nK(r)] , (14)
ρ˙K(r) = [−i(ω −∆g)−Γ12]ρK(r)+
inK(r)
∑
m=1,−1
Ω˜∗m,Ka
∗
m , (15)
where S is the entire area of the TMDC, ωsp is the SP
frequency, γsp is the SP relaxation rate, Γ12 is the polar-
ization relaxation rate for the spasing transition 2 → 1,
gK is the pumping rate in valley K, the population in-
version, nK, is defined as
nK ≡ ρ(c)K − ρ(v)K , (16)
and the spontaneous emission rate of the SPs is [3]
γ2K(r) =
2(γsp + Γ12)
(ωsp + ∆g)2 + (γsp + Γ12)2
∑
m=1,−1
∣∣∣Ω˜m,K(r)∣∣∣2
(17)
III. RESULTS AND DISCUSSION
A. Parameters of Spaser and Chiral Coupling to
Gain Medium
We consider a spaser consisting of an oblate silver
spheroid with semi-major axis a = 12 nm placed atop
of a circular TMDC flake of the same radius. We as-
sume that the system is embedded into a dielectric ma-
trix with permittivity d = 2. We choose the value of the
semi-minor axis c (the height of the silver spheroid) to
fit ωsp to the K-point CV→VB transition frequency in
the TMDC, ωsp = ∆g. We employ the three-band tight-
binding model for monolayers of group-VIB TMDCs of
Ref. 49. We also set ~Γ12 = 10 meV.
From the tight-binding model, we calculate the band
structure, including band gap ∆g and the transition
dipole matrix element d. Note that at the K- and K ′-
points, the band gaps are the same, ∆g (K) = ∆g (K
′),
while the transition dipole matrix elements are complex
conjugated, dK = d
∗
K′ , as protected by the T -symmetry.
The values used in the computations are listed in the
SM. Here we give an example for MoS2: c = 1.2 nm;
~∆g = 1.66 eV; dK = 17.7 e+ D, and dK′ = 17.7 e− D,
where e± = (ex ± iey) /
√
2 are chiral unit vectors.
4FIG. 2: Coupling amplitude between SPs and TMDC dipole
transitions, I
(+)
m , for m = ±1 as indicated. The magnitude is
color coded by the bar to the right. The radius of the metal
spheroid is a = 12 nm.
A fundamental question regarding any spaser is the
existence of a finite spasing threshold. There are two
modes with the opposite chiralities, m = ±1, and identi-
cal frequencies, ωsp, which are time-reversed with respect
to each other, whose wave functions are ∇φ ∝ e±iϕ. In
the center of the TMDC patch, i.e., at r = 0, the point
symmetry group of a metal nanospheroid on the TMDC
is C3v. It contains a C3 symmetry operation, i.e., a rota-
tion in the TMDC plane by an angle ϕ = ±2pi/3, which
brings about a chiral selection rule m = 1 for the K-point
and m = −1 for the K ′-point, i.e., the chirality of the SPs
matches that of the valley. For eccentric positions, which
are not too far from r = 0, it is not exactly the case but
still there is a preference for the chirally-matched SPs.
We assume that the pumping is performed with the
circularly polarized radiation, and one of the valleys, say
the K valley, is predominantly populated. Consequently,
the first mode that can go into generation is the m = 1
SP. To find the necessary condition that the correspond-
ing threshold can be achieved, we will follow Ref. 3 and
set nK = 1. Then from Eqs. (13) and (15) we obtain this
condition as
νK
∫
S
∣∣∣I(±)m (r)∣∣∣2 d2r ≥ 1 , (18)
where ± is the chirality of the pumped TMDC valley,
and the coupling amplitude is
I(±)m (r) =
AmdK
~
√
γspΓ12
∇φm(r)e± . (19)
Note that I
(±)∗
m = I
(∓)
−m.
This coupling amplitude is illustrated in Fig. 2 for I
(+)
m .
As we see, for the chiral-matched SP with m = 1, the
coupling amplitude is approximately constant, I
(+)
m ≈
1 within the geometric footprint of the silver spheroid,
which is seen in panel (a) as an almost uniform orange
disk with radius a = 12 nm. In a sharp contrast, the
chiral-mismatched mode with m = −1 [panel (b)] has
virtually no coupling to the TMDC transitions in the
K valley. Thus, for the gain medium whose radius Rg
is within the footprint of the metal spheroid, i.e., for
Rg ≤ a, only one mode with chirality m = 1 will be
generated. However, for a larger gain medium, Rg ≥ 13
nm, there is a circle of strong coupling of the mismatched
mode, which can potentially go into the generation.
B. Kinetics of Continuous-Wave Spasing
Below in this Article, we provide numerical examples
of the spaser kinetics. For certainty, we assume that the
K-valley is selectively pumped, which can be done with
the right-hand circularly polarized pump radiation. (As
protected by the T -symmetry, exactly the same results
are valid for the left-handed pump and K ′-valley.) Thus,
we set gK = g and gK′ = 0.
A continuous wave (CW) solution can be obtained
by solving Eqs. (13)-(15) where the time derivatives
in the left-hand sides are set to zero. The calculated
dependences of the generated coherent SP population,
Nm = |am|2 where m = ±1, on the pumping rate, g, for
various TMDC’s are shown in Fig. 3(a). As we can see,
there is a single spasing threshold for each of the TMDCs.
Significantly above the threshold, for gK > 30 ps−1, the
number of SPs, Nm, grows linearly with pumping rate
g. This is a common general property of all spasers: it
stems from the fact that the feedback in the spasers is
very strong due to the extremely small modal volume.
Therefore, the stimulated emission dominates the elec-
tronic transitions between the spasing levels, which is the
prerequisite of the linear line Nm(g). The slope of this
straight line (the so-called slope efficiency) is specific for
every given TMDC. For all these spasers, the threshold
condition of Eq. (18) for the generation of the matched
mode is satisfied. We have verified that the mismatched
mode (m = −1) does not have a finite threshold, i.e., it
is not generated at any pumping rate. The reason is that
the matched mode (m = 1) above its threshold clamps
the inversion at a constant level [3] preventing its increase
with the pumping and, thus, precluding the generation
of the mismatched mode. In this case, the single chiral
mode generation enjoys a strong topological protection.
At the threshold, the spasing curves experience a bi-
furcation behavior. This is clearly seen in the magnified
plot in Fig. 3(b): there is the threshold as the bifurca-
tion point and two branches of the spasing curve above
it. As we see from Fig. 3(c), these two branches differ
by the stationary values of population inversion nK: for
the upper branch it is significantly lower than for the
lower branch. To answer a question whether these two
branches are stable, we slightly perturb the accurate nu-
merical solutions at g = 25 ps−1 by changing the number
of SPs by ∆Nm = 0.0001. The density matrix solution
for the dynamics of the SP population induced by such a
perturbation is shown in Fig. 3(d). As we see, the upper
branch is absolutely stable but the lower branch is un-
5FIG. 3: Spaser kinetics. (a) Dependence of the number of
SP quanta in the spasing mode on the pumping rate for gain
medium of the matched radius, Rg = a = 12 nm. Only the
chirality-matched SP with m = 1 are generated. (b) Magni-
fied near-threshold portion of panel (a) for MoS2. The num-
ber of the SPs, Nm, is indicated for the points shown on the
graphs for the two branches. (c) Radial distribution of the in-
version, nk for each of the two branches. (d) Test of stability
of the two SP branches. The kinetics of the SP population,
Nm, after the number of the SPs in each branch is increased
by ∆Nm = 0.0001.
stable, and it evolves in time towards the upper branch
within less than half a picosecond. As a result of this
bifurcation instability, the system actually evolves with
the increase of pumping along a path indicated by ar-
rows in Fig. 3(b): Below the threshold, the population
of the coherent SPs Nm = 0; it jumps to the apex of the
curve at the bifurcation point and then follows the upper
branch. One can state that the spatial inhomogeneity of
the field and the inversion cause the spasing transition to
become the first order. This is in contrast to the previ-
ous homogeneous case of Ref. 3 where this transition was
continuous, i.e., of the second order.
The chiral optical fields generated by the topological
spaser are not stationary – they evolve in time rotating
clockwise for m = 1, as illustrated in Fig. 4, and coun-
terclockwise for m = −1. The magnitude of the field is
large even for one SP per mode, |E| ∼ 107 V/A˚, which
is a general property of the nanospasers related to the
nanoscopic size of the mode. Note that with increase of
the SP population, the field increases as |E| ∝ √Nm.
C. Stability and Topological Protection of Spaser
Modes
In Fig. 5(a), we test the stability and topological pro-
tection of the spasing mode. Panel (a) displays the dy-
namics of the SP population of the topological spaser,
FIG. 4: Temporal dynamics of the local electric field, |E|, in
topological spaser generating in the m = 1 mode. The curved
arrow indicates the rotation direction of the field (clockwise).
The magnitude of the field is calculated for a single SP per
mode, Nm = 1; it is color-coded by the bar to the right. The
phase of the spaser oscillation is indicated at the top of the
corresponding panels.
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FIG. 5: Number of SPs Nm as a function of time t for a spaser
with MoS2 as a gain material. The pumping is performed by
a radiation whose electric field rotates clockwise in the plane
of system (m = 1). The solid lines denote the chiral SPs
with m = −1, and the dashed lines denote the SPs with
m = 1. The pumping rates are indicated in the panels. (a)
Dependence of SP number Nm on time t after the beginning of
the pumping for different initial SP populations (color coded
as indicated) for pumping rate g = 50 ps−1. (b) Dependence
of SP number Nm on time t for different pumping rates g
(color coded). The initial SP number is Nm = 10.
Nm(t), for different initial numbers of SPs, Nm(0), and
for their different chiralities, m = ±1. As these data
show, the left-rotating SPs (m = −1) are not amplified
irrespectively of their initial numbers: the corresponding
curves evolve with decaying relaxation oscillations tend-
ing to N−1 = 0. In contrast, the m = 1 SPs exhibit
6a stable amplification: their number increases to a level
that is defined by the pumping rate, g, and does not de-
pend on the initial populations. The m = 1 chirality
SP-amplification stability with respect to the injection
of the m = −1 quanta, which these data demonstrate
is due to the topological protection: matching the phase
windings of the SP mode and the electronic states in the
pumped K-valley.
As a complementary test, we show in Fig. 5(b) the
temporal dynamics of the SP population for equal initial
number of SPs but different pumping rates. The dy-
namics in this case is again stable with the mismatched
m = −1 SPs decaying to zero, and the matched m = 1
being amplified to the stable levels that linearly increase
with the pumping rate.
D. Far-Field Radiation of Spaser
The spaser is a subwavelength device design to gener-
ate intense, coherent nanolocalized fields. Generation of
far-field radiation is not its primary purpose. However,
the proposed spaser, as most existing nanospasers, gen-
erates in a dipolar mode that will emit in the far field.
This emission, in absolute terms, can be quite intense
for a nanosource. In particular, the spaser emission was
used to detect cancer cells in the blood flow model [18];
it was, actually, many orders of magnitude brighter than
from any other label for biomedical detection.
To describe the spaser emission, we note that the radi-
ating dipole uniformly rotates with the angular velocity
of ωsp. The emitted radiation will be right-hand circu-
larly polarized for the pumping at the K point and left-
hand circularly polarized for the K ′ pumping. Note that
the corresponding two radiating modes are completely
uncoupled. This is equivalent to having two independent
chiral spasers in one.
To find the intensity, I, of the emitted radiation, we
need to calculated the radiating dipole. To do so, we will
follow Ref. 50. We take into account that the modal field,
Em = ∇φm, inside the metal spheroid is constant. Then
from Eq. (8) of the SM, we can find
E2m =
ssp
Vm
, (20)
where Vm is the spheroid’s volume. The physical field
squared inside the metal is found from Eqs. (3) and (4),
F 2m =
4pi~s2spNm
ds′spVm
. (21)
From this, we find the radiating dipole squared as
|d0p|2 = ~
4pi
(
Re
∂m(ωsp)
∂ωsp
)−1
Re [m(ωsp)− d]2 VmNm .
(22)
The dipole radiation rate (photons per second) can be
found from a standard dipole-radiation formula [51] as
I =
4
9
(
ω
c0
)3
(d)
1/2
Re [m(ωsp)− d]2 ×(
Re
∂m(ωsp)
∂ωsp
)−1
a2cNm , (23)
where c0 is speed of light in vacuum.
For our example of MoS2, substituting parameters that
we used everywhere in our calculations [see Sec. III A], we
obtain
I = 2.1×1012Nm s−1; P = ~ωspI = 0.55Nm µW , (24)
where P is the power of the emission. From these num-
bers, we conclude that the emission is bright for a nano-
emitter and easily detectable. This is in line with the
observation of the emission from single spasers of the
comparable size in Ref. 18.
IV. CONCLUDING DISCUSSION
In this Article we introduce a topological nanospaser
that consists of a plasmonic metal spheroid as the SP
resonator and a nanoflake of a semiconductor TMDC as
a gain medium. This spaser has two mutually T -reversed
dipole modes with identical frequencies but opposite chi-
ralities (topological charges m = ±1). Only the mode
whose chirality matches that of the active (pumped) val-
ley, i.e., m = 1 for the K-valley and m = −1 for the
K ′ valley, can be generated while the conjugated mode
does not go into generation at any pumping level. The
topological spaser is stable with respect to even large per-
turbations: the SP with mismatched topological charge
injected into the system even in large numbers decay ex-
ponentially within a ∼ 100 fs time. This implies a strong
topological protection.
This protection is not trivial because the exact val-
ley selection rule matching its chirality to the of the
SPs is strictly valid only on the symmetry axis of the
metal spheroid (in the center of the TMDC gain medium
flake). Off-axis, there is a coupling of the gain to the
chirally-mismatched SPs. However, the strong topologi-
cal protection appears due to the fact that the spaser is
a highly-nonlinear, threshold phenomenon. In fact, it is
the nonlinear saturation of the gain and the concurrent
clamping of the inversion that cause the strong mode
competition. The topologically-matched mode (m = 1
for the K-valley and m = −1 for the K ′ valley) reaches
the threshold first and saturates the gain, thus, prevent-
ing the mismatched mode from the generation under any
pumping or any perturbations.
The proposed topological spaser is promising for the
use in nanooptics and nanospectroscopy where strong
rotating nano-localized fields are required. It may be
especially useful in applications to biomolecules and bi-
ologicals objects, which are typically chiral. It may also
7be used as a nano-source of a circularly polarized radia-
tion in the far field, in particular, as a biomedical multi-
functional agent similar to the use of spherical spasers
[18].
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V. APPENDIX
A. Modes of a metallic oblate spheroid
For an oblate spheroid, geometry is defined by the
spheroidal coordinates, ξ, η and ϕ related to the Carte-
sian coordinates, x, y and z as [45]:
x = f
√
ξ2 + 1
√
1− η2 cos(ϕ), (25)
y = f
√
ξ2 + 1
√
1− η2 sin(ϕ), (26)
z = fξη, (27)
with 0 ≤ ξ < ∞, −1 ≤ η ≤ 1, 0 ≤ ϕ < 2pi and
f > 0. The corresponding equation in the Cartesian
coordinate system describes a spheroidal shape with the
semi-principal axes a and c,
x2 + y2
a2
+
z2
c2
= 1 . (28)
The eccentricity, ε, can be written as ε =
√
1− c2a2 and
f = εa.
The surface plasmon eigenmodes of the spheroid are
described by the quasistatic equation [44]
∇ [θ(r)∇φm] = ssp∇2φm. (29)
Here θ(r) is the characteristic function that is equal to 1
inside the metal and 0 elsewhere. For the spheroid, the
multipole quantum number is l = 1, and m is the angular
momentum projection. Eigenmodes are given by
φm = CNP
m
1 (η)e
imφ
{
Pm1 (iξ)
Pm1 (iξ0)
, 0 < ξ < ξ0,
Qm1 (iξ)
Qm1 (iξ0)
, ξ0 < ξ,
(30)
where Pml (x) and Q
m
l (x) are the Legendre functions of
the first and second kind, respectively, and ξ0 =
√
1−ε2
ε .
The constant CN is determined by the normalization con-
dition of the eigenmodes,∫
All Space
|∇φ(r)m|2d3r = 1. (31)
Due to the axial symmetry, the corresponding eigen-
values, ssp, do not depend on m; they are given by the
equation [1, 3]
ssp =
∫
All Space
θ(r)|∇φm(r)|2d3r∫
All Space
|∇φm, (r)|2d3r
. (32)
From this, we derive an analytical form of the eigenvalue
ssp =
dPm1 (x)
dx
dPm1 (x)
dx −
Pm1 (x)
Qm1 (x)
dQm1 (x)
dx
∣∣∣∣∣∣
x=iξ0
. (33)
To find the SP frerquency, ωsp, and the SP relaxation
rate, γsp, we use relations [1, 3]
ssp = Re[s(ωsp)], (34)
rsp =
Im[s(ωsp)]
s′sp
, s′sp ≡
dRe[s(ω)]
dω
∣∣∣
ω=ωsp
, (35)
where the Bergman spectral parameter is defined as
s(ω) =
d
d − m(ω) . (36)
d is the dielectric constant of the environment, and
m(ω) is the dielectric function of the metal. In our com-
putations, we use silver with the dielectric function from
the Ref. 52.
B. TMDC Parameters
The eigenfrequency, ωsp, depends on the aspect ratio,
c/a. We set a = 12 nm and vary the value of c to have the
surface plasmon frequency match the band gap, ωsp =
∆g. Table I shows the calculated values of c to match
the band gaps of the specific TMDCs.
The transition dipole matrix element of the gain me-
diaum (TMDC) were calculated using a three-band tight
binding model [49]. The calculated values of the tran-
sition dipoles along with the band gap are indicated
in Table I. The transition dipoles at the K and K ′
points are purely chiral: they are proportional to e± =
2−1/2 (ex ± iey), where ex and ey are the Cartesian unit
vectors. A plot of absolute value of the chiral dipole,
|d±|, where d± = e∗±d, is shown in Fig.6. It clearly
points to the chirality of transition dipoles (d+ at the K
point and d− at the K point) in the TMDCs.
8FIG. 6: Absolute value of the left-rotating chiral dipole com-
ponent, d− = e+d, in MoS2
TMDC
Semi-principal
axis
Dipole elements (D) Band gap
c (nm) dK dK′ (eV)
MoS2 1.20 17.68e+ 17.68e− 1.66
MoSe2 1.45 19.23e+ 19.23e− 1.79
WSe2 0.85 18.38e+ 18.38e− 1.43
MoTe2 1 20.08e+ 20.08e− 1.53
TABLE I: Parameters employed in the calculations: Semi-
principal axes of the spheroids, and the dipole matrix elements
and band gaps of the TMDCs.
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